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Classification vs. Regression

¢ CIaSS|f| Cat|0n Classification

* Predict a C@W

. Binary' Cat / Dog, Spam / Not spam
* Multiclass: Cat / Dog / Bird / .. Q/\/Z X

2@

. Regressmn

* Predict a continuous value

* House featu res — Price

* Exam scores — IGPA

*yeE R

__;z




Llnear Model "

\/\/v\/’v E'vl"\ ' ,
o (5= vs® (%)) = (3428 2%0)
57=_VEX1 T sz; Y_V_dxd'i
T - (X: ('K\;O(z, 3
» : prediction — (dan, Gk, o--)

*w/wy,..,wy: slope / feature weights

e x [ xq,...,xg4: input / input features

* b: bias



Loss Function

* Measures how well the model prediction matches the target
« Small loss — better prediction Bad fit

Better fit Best fit
« Large loss — worse prediction

* Regression example (MSE):

n
11
L@B)= ) (-5
nl; }\> W}‘\‘E
\/\/\/\/\/ -

. L min L(w.b) =L 2R
» Goal: find parameters that minimize the loss

N
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Gradient Descent

« Gradient: points towards increasing Iois | 9 bds

— m0\7e In the opposite direction

move opposite
to gradient

Loss(m

#e

» Learning rate n: controls the step size
* Repeat: update parameters iteratively to reduce \/\Wé -
(2™

~o—

the loss

Para mete@



Machine Learning Workflow

1. Initialize w, b

2. e predictions
YyFEwx+b

Input - ‘ Model > Prediction - > Qutput (Target)
//
3. Compute the loss
‘ L(w,b) = an~~
4. Compute gradients
dL OL
Ow 9b.

6. Repeat






Part 1. Binary Classification
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| wenr reqrecion "7\|‘4\Z\(’

Recall: Linear Model — &~

)
= wx + b

7\\

Model parameters




Recall: Linear Model (Multiple Features)

V=wiX; + WoXy + o+ wuxg +

’ \
rediction ~eature Weights Input Features

» Each feature contributes to the prediction through its weight

) T
—_—
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Vector Notation

« x € R%: feature vector
/

« w € R%: weight vector

Xy
X2

Wall 7| = wixg +wox, + -+ wyxy
Xd
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From Regression to Classification

* Regression
y=wix+b
* The modeloutput can be used directly as the prediction
* Example
* y =420 — house price

* =37 — GPA

« Classification
y €{0,1}
* The target is a discrete class label

* But the linear model can output any real number
w'x + b € (=00, +0)

* How can we use a linear model for classification?

Feature X2

Regression: Predict Continuous Value

- Prediction Line ]

Feature X

Classification: Predict Category

N
® ClassA

Class B
== Decision Boundary
S

Feature X1
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Linear Score

z=w!x+b

 For classification, we use the linear model output as a score

* The score can take any real value
Z € (—00,+0)

* The sign of z indicates which class the model favors

13



Binary Decision

e z>(0 — Class 1

e 7< 0 — Class 0

Decision boundary

« z =0 — (Decision boundary

PR




Score to Probability

* The linear score tells us which class is favored, but it is not a probability

 Example

x2 A

e z = —3.2: strongly favors Class 0
e z = —0.1: slightly favors Class 0
e z = 0.2: slightly favors Class 1

* z = 4.1: strongly favors Class 1

« Sign of z — which side of the boundary

e
N z=-32 "
strongly on Class 0 si z=wx+b=0

Class 0 side (z < 0)

:xl

« Magnitude of z (|z|) — how strongly the model favors that side
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Score to Probability

A linear score can take any real value
Z € (—0o0, +)

* A probability must lie between 0 and 1
p €[0,1]

* We need a function that maps z to a valid probability
z€R -7 -» p€|0,1]
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Logistic Regression
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Sigmoid Function

1

0(2) = 1+ e72

* Maps any real-valued score z to a value between 0 and 1
—o<z<+00 — 0<o0(z) <1

 Also called the logistic function

* Produces an S-shaped curve

10 = Sigmoid Function

18



Sigmoid Function

1
0(z) = 1+ e 2
* Properties =
¢« 7 —00
o(z) >0
e z=10
o(z) =0.5
* 7 > 400 |
W @1

Monotonic: larger z gives larger o(2)

o(x)

Bounded: 0 <o(z) <1

Differentiable: useful for gradient-based Iearnlng

k ‘/}d\



Logistic Model

 First, compute a linear score

* Then, transform the score using the sigmoid function

« The output is interpreted as the probability of Class 1
s(WTx + b)
A

20



Z

Probability %

VA
Ply=1x)=p

—

P(y=0[x)=1-p

* p is the predicted probability of Class 1
* 1 —p is the predicted probability of Class 0

« Higher p means stronger preference for Class 1

21



Threshold

 Example

* p=0.12 — Class 0

*p=048 — Class 0

\-p :P(ch{X)

* p=0.73 — Class 1

(—/‘

* p=096 — Class 1

threshold = 0.5
]

p=0.12 > Class 0 p =0.48 — Class 0 p=073—>Class1 P =096-Class1

/ v / /

| 155} — .&*‘ M

0 0.5 1

< >
predict Class 0 predict Class 1

* 0.5 is a common default threshold for binary logistic regression

* The threshold can be adjusted depending on the application

22



Binary Decision (revisited)

Z=WN"%+tb p = 0.5-‘
~ ) 270 0(z)=05 e 2z=0
/= §Q 240  z=wix+b

wix+bh=0

Z2—0 = decisim bou —

T

*p <05 — Class 0 _
*p>05 — Class 1 .

 p = 0.5 — decision boundary
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Example

* Given
z=08x—4
where x is study time in hours
e Case 1
x =3
O z=08(3)—4=-16
& p=o9d(-16)~0.17
® =0
e Case 2

24



Example

* Case 3

« z=08x—4

z
z (score)

© 2z=08(7)—4=1.6
@ p=o0(16)~0.83

z=08x-4

x (Study time, hours)

x=7 ? \ PZO:T <§.(qu"\d)
O

—_—————

y=1

(2) Probability: p =o(z) = ! —
l1+e

p \/\/\/\/\./\
p(x) = 0(0.8x — 4)

p(P(y=1]x))

x (Study time, hours)
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Score vs. Probability

X ~  Linear Score z ~ Probability p
(=0, +0) (1)
V z=wIx+b < O'(Z))
mum@ @unded)
Not a probab@ mllstlc mterpret@

z<0 & p<05
z=0 < p=05
z>0 & p>05

26



Logistic Regression

@G o(2) > 3

|1, p = 0.5
Y=lo, p<o05

e Linear function — score
« Sigmoid — probability

« Threshold — class prediction

« How do we learn w and b?

27
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Learning Logistic Regression

O O
Z = wX%k—’%?§3ﬂw—> /‘é\< /\ér<(

|
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Loss Function

A loss function measures how well the model prediction matches the target

* Small loss — good prediction

* Large loss — poor prediction

* Training aims to find parameters that minimize the loss
* Regression
9 eR
MSE: (y — $)?

 Classification
p =P(y = 1[x)
Need a loss for probabilistic predictions

29



Loss Function

p=Py=1[x)
* Assumey =1
Prediction Interpretation Desired loss
€ p=099 Correct & confident Very small
@ p=070_ Correct Small
¢ p=050 Uncertain Medium
& p=0.10 Wrong & confident Large

* If y = 0: the opposite behavior is desired

* Small p — good

* Large p — poor

30



Binary Cross-Entropy ()

L=—[ylogp+ (1—y)log(1l—p)]

* y € {0, 1}: true label

* p = P(y = 1|x): predicted probability of Class 1

* Correct & confident prediction — small loss

 BCE reflects both correctness and confidence %
— =

« Wrong & confident prediction — large loss

31



Binary Cross-Entropy

* Wheny =1
= —[ylogp + (1 —y)log(1 —p)]
= —[1logp + 0log(1 —p)] = —logp
° p - 1 - i
I L—-0
° p - O
L, > o
41 = L=-logp
* Example S 3] )
* =09 = L=—10g0.9 ~ 0.105 e -
*p=01=L-= —log 0.1 = 2.303 ) I e />=0.9,§=<).1()5
- — ’ OTO 0.2 ()74 016 ()18 ]f()

Predicted probabiity p

32



Binary Cross-Entropy

* Wheny =0
L=—[ylogp+ (1—y)log(1—p)]
= —[0logp + 1log(1 — p)] = —log(1 —_@
) p - O
— L-0
° p - 1
—_— L > o
o L = —log(l - p)
* Example Q t\w ‘
* p=01 = L =—10g0.9 ~ 0.105 —
*p= 09 =L =-— lOg 0.1 = 2.303 “.l:sj [Smy:’ss—}().l,l«zn.ln.5>

Predicted probability p

33



Dataset Loss

* For n training examples:

&G, - K )

-—/

* For each sample

p; =P(y; = 1|x;) = o(W'x; + b?

» Average loss

Lw,b) <=3 Iy
i=1

——

L v

ilogp; + (1 —y;)log(1 — p;)]

S —

34



Logistic Regression Training

X > z=W/x+b —(p) d(2)
(p,}’) —(Lgcg) — W, b update
w <« w—nV,.L

oL

* Model: linear score + sigmoid
« Output: probability
« Loss: binary cross-entropy

» Learning: gradient descent

35



Logistic Regression Training

Forward pass

(compute prediction and loss)

Input
X

.~ Linear model

| z=wix+bh

Sigmoid
p=0(z)

.
N

Binary
Cross-Entropy Loss
L=-[ylogp+

(1-y)log(1-p)]

= wnw~

—»

Backward pass
(update parameters)

Gradient Descent

Compute gradients
Vi LoVl

_’

e-g.({fitxu;:e..s.?x - (score) = fote=2 >
A - (probability) |
True label
y
(0or
%

(loss decreases)

Repeat until convergence

Update parameters
wew-nV, L
b«b- an /b

(n: learning rate)

s/

36



Korea Aerospace University

Part 2. Multiclass Classification

TSk mn Clag, — —2 %7 wodel?
TS Pinay  la gt eqess
ClassSitaatiow Hepn 0| okl AR
BCE =AosS
Multrclass (o 25 well2) ~-
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Multiclass Classification

 In multiclass classification, each input belongs to one of K classes
y€{l,2,..,K}
« Example
* Handwritten digits — 0, ...,9 /&

* Image classification — cat/ dog / bird / ... ¢

* Disease diagnosis — ClassA/B/C/ ...

« Can a single sigmoid output represent more than two classes?

p =Py =1|x)
~Py=0x)=1-p

38



Multiclass Classification

 For 3 classes:
Cl) CZJ CS

* One-vs-Rest (OVR):
__C—,l vs. others

C, vs. others
C5 vs. others
* Train one binary classifier for each class
* Each classifier asks: “Is this class k?”

* Choose the class with the highest predicted probability

« Another approach is to produce all K scores together

——

39



Multiple Scores

* |n binary classification, we use one score: 22| e
ZEWIX+b

 In multiclass classification, we compute one score for each class:
Z1yZ9, iy Zy

* For class k:
Zr = WEX + by,

* A larger z;, means that the model favors class k more strongly

* Example

®* For three classes:

40



Softmax Function

* 7;.. score for class k

* pi. predicted probability of class k

* Properties

.O<pk<1

* Yroipk =1

« Softmax converts a set of class scores into a probability distribution

\

—

41



Softmax Function

« Example

* Given scores
z =[2.0,1.0,0.1]

* Exponentiate
e? = [e??,e!?,e%] = [7.39,2.72,1.11]

— — ——

I

Iy 2
p ~ [0.66,0.24,0.10]

——

0.66+ 024 + 010 = 1

* Normalize

42



binary. X — Z-W'xtb >p=s@) 9 (1 vy

icti o p<o.
Prediction p<os
R W?\(i ?f—\ 2K
Yy = arg max py
/I€)—= WNOX Pe
* Pipeline =
X — Z{,..,Zx — Softmax — pq,...,px —V
« Example T Ze=WExabe
Class Score - = Probability

\ %v o 0.66
0 A10) —1s 0.24)
B"a) 0.1) — C0.10)

o} /

43



Decision Regions

« Each point is assigned to the class with the highes (ol probability

y = arg Max zj = argmax pj

—t”
—

[ predict class = argrrllax Z }

Boundary between

X1

44



Learning Multiclass Classifiers
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Multiclass Loss

* In binary:

L=—[ylogp+ (1—y)log(1l—p)]

 |[n multiclass (where the true class is c):

L =—logp,

46



Multiclass Loss (% %D

YU REAS
 Example + S
* True class = Cat X, dogl W @— Oq O

p = {0.70)0.20,0.10] -
L = —log(0.70) ~ 0.357 CL@s 00¢  0O-D

« Compare |

uman
Correct & confident \ﬂ D QT O ’ \
p. = 0.9 =L~ 0.105
5 e b

Low true-class probabili

—
=

= L = 2.303

47



Cross-Entropy L=- ["3 P

« One-hot label: [L(o,oj _ oot 3 /A

y = [ylt ---;yK]
& ACLOS E\O‘OJ

» Multiclass cross-entropy:

K AL\W/V\O\W
L= —z Vi logpr = —logp,
k=1 ——
S——a

where c is the true class

- (% QOSP\‘\‘ 594%%()1"%&%!&3 Vs)
= _<JL/3\>L) = —Lqp. = —fegPe

e ——




Cross-Entropy

 Example

* True class: Dog
y = [0,1,0]

* Predicted probabilities
p =10.2)0.7)0.1]
|Cat, Dog, Bird]

* Cross-entropy loss
L =—-[0log0.2+ 11log0.7 + 0log 0.1]

= —log0.7 = 0.357

* Only the probability of the true class contributes to the loss

49



Binary vs. Multiclass Classification

Binary Multiclass
Number of classes 2 K
Scores (2

Probability Mapping

(igmoi H-e\."’

() ... Z=WX+b
Softmax) =&

Probabilities <@) =(p1-»p gpg, (oD
Prediction Threshold Argmg;g\
Loss Binary CE Muﬁ?hf{CE)
—y Lqp — () L40-9) ~loy b
 Binar
’ X — 72— 0@ —p—y <
— — = Tday)
* Multiclass

X — z — softmax — p —




Next Lecture

* Lecture 4: Model Evaluation & Generalization
* Train/Validation/Test Split

Cross-Validation

Performance Metrics

Overfitting & Underfitting

Bias-Variance Tradeoff

Regularization

Generalization

51



Questions?

livoonshin@kau.ac.kr
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